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ARITHMETIC HEIGHT FUNCTIONS
OVER FINITELY GENERATED FIELDS
ATSUSHI MORIWAKI
ABSTRACT. In this paper, we propose a new height function for a variety defined over a finitely
generated field overQ. For this height function, we will prove Northcott’s theorem and Bogomolov’s
conjecture, so that we can recover the original Raynaud’s theorem (Manin-Mumford’s conjecture).
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INTRODUCTION
Let K be a finitely generated field over Q, and d the transcendence degree of K over Q. If
d = 1, then there is a smooth projective curve C over a number field such that the function field
of C is K. Using non-archimedean valuations arising from points of C, we can define a geometric
height function
hgeom : Pn(K)→ R.
It is well know that this height function can be given in terms of the usual intersection theory, so
that it is rather easy to handle it. However, in contract with height functions over number fields, it
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does not reflect the exact state of points on Pn(K). For example, Northcott’s theorem does not hold
for the geometric height function in general. A reason for this, we can consider, is that hgeom does
not take care of data coming from the constant field. In this paper, we would like to propose a new
kind of height functions for finitely generated fields over Q, and unify them with the geometric
height functions.
A key idea to get a new height function is to fix a polarization B = (B;H1, . . . , Hd) of K,
namely, a collection of a normal projective arithmetic variety B whose function field is K, and nef
C∞-hermitian line bundles H1, . . . , Hd on B. Here a C∞-hermitian line bundle H is said to be
nef if c1(H) is semipositive, and d̂eg
(
H
∣∣
Γ
) ≥ 0 for any one-dimensional integral subschemes Γ
of B. Once we fix the polarization B of K, then we can define a height function
hBK : P
n(K)→ R
associated with B to be
hBK(φ0, . . . , φn) =
∑
Γ
max
i
{− ordΓ(φi)}d̂eg
(
ĉ1
(
H1
∣∣
Γ
) · · · ĉ1 (Hd∣∣Γ))
+
∫
B(C)
log
(
max
i
{|φi|}
)
c1(H1) ∧ · · · ∧ c1(Hd),
where Γ runs over all prime divisors on B. Moreover, we can easily see that hBK extends to
hB : Pn(K)→ R.
For example, if d = 1 and H1 is given by the infinite fibers of B, then hB is nothing more than
hgeom up to the multiplication of a positive constant. Moreover, note that if d = 0, then hB is the
usual height function over a number field.
Further, we can give these height functions in terms of Arakelov intersection theory. Let X be
a projective variety over K, and L a line bundle on X . Let us take a model (X ,L) of (X,L),
namely, X is a projective arithmetic variety over B and L is a hermitian line bundle on X with
XK = X and LK = L. For a point P ∈ X(K), we denote by ∆P the closure of the image of
Spec(K)
P−→ X →֒ X . Then, we define
hB
(X ,L) : X(K)→ R
to be
hB
(X ,L)(P ) =
1
[K(P ) : K]
d̂eg
(
ĉ1(L
∣∣
∆P
) · ĉ1(f ∗(H1)
∣∣
∆P
) · · · ĉ1(f ∗(Hd)
∣∣
∆P
)
)
,
where f : X → B is the canonical morphism. We can see that hB(X ,L) modulo the set of bounded
functions on X(K) does not depend on the choice of the model (X ,L) of (X,L) (cf. Corol-
lary 3.3.5), so that we may denote hB
(X ,L) by h
B
L .
Since our height functions include the geometric height functions, Northcott’s theorem does not
hold in general. However, if the polarization B is big, we can expect a certain kind of affirmative
answers. For this reason, we introduce the following notation. If (Hi)Q’s are big on BQ and there
are positive numbers n1, . . . , nd such that H0(B,H⊗nii ) has a strictly small section for each i, then
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hBL is called an arithmetic height function and is denoted by harithL for simplicity. Then, we have
the following Northcott’s theorem for the arithmetic height function.
Theorem A (cf. Theorem 4.3). If L is ample, then, for any numbers M and any positive integers
e, the set
{P ∈ X(K) | harithL (P ) ≤M, [K(P ) : K] ≤ e}
is finite.
Now let A be an abelian variety over K, and L a symmetric ample line bundle on A. Then, in
the same way as the usual height theory, we can assign the canonical height (Néron-Tate height)
hˆarithL to (A,L). Then, hˆarithL (x) ≥ 0 for all x ∈ A(K), and hˆarithL (x) = 0 if and only if x is a
torsion point as a corollary of Theorem A (cf. Proposition 3.4.1). Moreover, in terms of hˆarithL ,
we have the following solution of Bogomolov’s conjecture over K, which is a generalization of
results due to Ullmo [13] and Zhang [15].
Theorem B (cf. Theorem 8.1). Let X be a subvariety of AK . If the set
{P ∈ X(K) | hˆarithL (P ) ≤ ǫ}
is Zariski dense in X for any positive numbers ǫ, then X is a translation of an abelian subvariety
of AK by a torsion point.
As corollary, we can recover the original Raynaud’s theorem ([8] and [9]) conjectured by Manin
and Mumford.
Corollary C (cf. Corollary 8.2). Let A be an abelian variety over the complex number field C,
and Z a reduced subscheme of A. Then, every irreducible component of the Zariski closure of
Z(C)∩A(C)tor inA is a translation of an abelian subvariety ofA by a torsion point. Consequently,
there are finitely many abelian subvarietiesB1, . . . , Bn of A and torsion points b1, . . . , bn of A(C)
such that
Z(C) ∩A(C)tor =
n⋃
i=1
(Bi(C) + bi) and Z(C) ∩A(C)tor =
n⋃
i=1
(Bi(C)tor + bi).
Finally, we would like to express gratitude to Dr. Kawaguchi, Prof. Poonen, Prof. Szpiro, Prof.
Ullmo, and Prof. Zhang for their helpful conversations. The author also thanks Prof. Silverman
for his nice comments.
1. ARAKELOV INTERSECTION THEORY
In this paper, an arithmetic variety means a flat and quasi-projective integral scheme over Z.
Moreover, we say an arithmetic variety is generically smooth if it is smooth over Q. For basic
materials of Arakelov intersection theory, we refer to [2] and [11].
Let X be a generically smooth arithmetic variety. According to [4], a pair (Z, g) is called an
arithmetic cycle of codimension p (resp. arithmetic D-cycle of codimension p) if Z is a cycle of
codimension p on X , and g is a Green current for Z(C) (resp. g is a current of type (p− 1, p− 1)
on X(C)). The set of all arithmetic cycles (resp. D-cycles) of codimension p is denoted by Ẑp(X)
(resp. ẐpD(X)). Let R̂p(X) be the subgroup of Ẑp(X) generated by the following elements:
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(i) ((f),−[log |f |2]), where f is a rational function on some subvariety Y of codimension p− 1
and [log |f |2] is the current defined by
[log |f |2](γ) =
∫
Y (C)
(log |f |2)γ.
(ii) (0, ∂(α) + ∂¯(β)), where α and β are currents of type (p − 2, p − 1) and (p − 1, p − 2)
respectively.
Here we define
ĈH
p
(X) = Ẑp(X)/R̂p(X), and ĈH
p
D(X) = Ẑ
p
D(X)/R̂
p(X).
Let L = (L, ‖·‖) be a C∞-hermitian line bundle on X . We define a homomorphism
ĉ1(L)· : ĈH
p
D(X)→ ĈH
p+1
D (X)(1.1)
in the following way. Let (Z, g) be an element of ẐpD(X). We assume that Z is integral. Then,
taking a rational section s of L|Z , we consider an arithmetic D-cycle
(div(s),
[− log (‖s‖2Z)]+ c1(L) ∧ g),
where [− log (‖s‖2Z)] is a current given by φ 7→ −
∫
Z(C)
log (‖s‖2Z)φ. The class of the above cycle
in ĈH
p+1
D (X) does not depend on the choice of the rational section s. Thus, by linearity, we have
a homomorphism
ĉ1(L)· : ẐpD(X)→ ĈH
p+1
D (X).
On the other hand, it is well known that ĉ1(L) · R̂p(X) ⊂ R̂p+1(X). Thus, we obtain our desired
homomorphism (1.1).
Now let M = (M, ‖·‖) be a continuous hermitian line bundle on X , namely, ‖·‖ is a continuous
metric. Then, ĉ1(M) is defined by the class of (div(s),− log ‖s‖2) in ĈH
1
D(X), where s is a non-
zero rational section of M . This is actually well defined because the class does not depend on
the choice of the rational section s. Then, using the scalar product (1.1), for C∞-hermitian line
bundles L1, . . . , Ld on X , we can define
ĉ1(L1) · · · ĉ1(Ld) · ĉ1(M) ∈ ĈH
d+1
D (X),
where d = dimXQ. In particular, if X is projective, then we get the intersection number
d̂eg
(
ĉ1(L1) · · · ĉ1(Ld) · ĉ1(M)
)
,
where d̂eg : ĈH
d+1
D (X)→ R is given by
d̂eg
(∑
P
nPP, T
)
=
∑
P
nP log#(κ(P )) +
1
2
∫
X(C)
T.
Next, let us consider the push-forward of cycles. Let f : X → Y be a projective morphism of
generically smooth arithmetic varieties. Then, f∗ : ẐpD(X) → Ẑp+dimY−dimXD (Y ) is defined by
f∗(Z, g) = (f∗(Z), f∗(g)). This induces
f∗ : ĈH
p
D(X)→ ĈH
p+dimY−dimX
D (Y ).
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Then, we have the following projection formula (cf. [4, Proposition 2.4.1]).
Proposition 1.2. Let L be a C∞-hermitian line bundle on Y , and z an element of ĈHpD(X). Then,
f∗(ĉ1(f ∗(L)) · z) = ĉ1(L) · f∗(z).
Proof. For reader’s convenience, we give the proof of it. Let (Z, g) be a representative of z, and
‖·‖ the metric of L. Clearly, we may assume that Z is reduced and irreducible. We set T = f(Z)
and π = f |Z : Z → T . Let s be a non-zero rational section of L|T . Then, π∗(s) gives rise to a
non-zero rational section of f ∗(L)|Z = π∗ (L|T ). Thus, ĉ1(f ∗(L)) · z can be represented by(
div(π∗(s)),
[− log π∗ (‖s‖2T )]+ c1(f ∗(L)) ∧ g) .
If we set
deg(π) =
{
0 if dimT < dimZ
deg(Z → T ) if dimT = dimZ,
then ∫
Z(C)
− log π∗ (‖s‖2T ) f ∗(ψ) = ∫
Z(C)
π∗
(− log (‖s‖2T)ψ)
= deg(π)
∫
T (C)
− log (‖s‖2T )ψ
for a compactly supported C∞-form ψ on Y (C). Thus, we have
f∗
[− log π∗ (‖s‖2T)] = deg(π) [− log (‖s‖2T)] .
Therefore,
f∗(ĉ1(f ∗(L)) · z) =
(
deg(π) div(s), deg(π)
[− log (‖s‖2T )]+ c1(L, h) ∧ f∗(g))
= ĉ1(L) · (deg(π)T, f∗(g)) = ĉ1(L) · f∗(z).
Hence, we get our proposition. ✷
Finally, let us consider intersections on a general projective arithmetic variety. Let T be a
reduced complex space, and L = (L, ‖·‖) a continuous hermitian line bundle on T . According to
[14], we say L is C∞ if, for any analytic morphisms h : M → T from any complex manifolds M
to T , h∗(L) is a C∞-hermitian line bundle on M . In the same way, we can define C∞-functions
on T . From now on, we assume that L is C∞. Then, c1(L) is a C∞-form on Treg, where Treg is the
smooth locus of T . We say c1(L) is semipositive if, for any analytic morphisms h : M → T from
any complex manifolds M to T , c1(h∗(L)) is a semipositive form on M . Moreover, we say c1(L)
is positive if, for any real valued C∞-functions f on T with compact support, there is a positive
real number λ0 such that c1(L) +λddc(f) is semipositive for all λ with |λ| ≤ λ0. Note that ddc(f)
is the Chern form of (OT , exp(−f)| · |). It is easy to see that the above positivity of Chern forms
coincides with the usual positivity of them if T is non-singular.
LetX be a projective arithmetic variety of d = dimXQ. Let µ : X ′ → X be a generic resolution
of singularities of X , namely, µ : X ′ → X is a birational morphism of projective arithmetic
varieties such that X ′ is generically smooth. Note that a generic resolution of singularities exists
for any arithmetic varieties by using Hironaka’s resolution of singularities [3]. Let L1, · · · , Ld be
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C∞-hermitian line bundles on X , and M a continuous hermitian line bundle on X . Then, the
intersection number d̂eg
(
ĉ1(µ
∗L1) · · · ĉ1(µ∗Ld) · ĉ1(µ∗M)
)
does not depend on the choice of the
generic resolution of singularities µ : X ′ → X by virtue of Proposition 1.2, so that we define
d̂eg
(
ĉ1(L1) · · · ĉ1(Ld) · ĉ1(M)
)
by d̂eg
(
ĉ1(µ
∗L1) · · · ĉ1(µ∗Ld) · ĉ1(µ∗M)
)
. Then, we have the following proposition.
Proposition 1.3. Let f : X → Y be a morphism of projective arithmetic varieties with d =
dimXQ and n = dimYQ
(1) Let L1, . . . , Lr be C∞-hermitian line bundles on X , and M 1, . . . ,Ms C∞-hermitian line
bundles on Y . We assume that r + s = d+ 1. Then,
d̂eg
(
ĉ1(L1) · · · ĉ1(Lr) · ĉ1(f ∗M1) · · · ĉ1(f ∗Ms)
)
=
{
0 if s > n+ 1
deg((L1)η · · · (Lr)η)d̂eg
(
ĉ1(M1) · · · ĉ1(Ms)
)
if s = n+ 1,
where the η means the restriction to the generic fiber of f .
(2) We assume that f is generically finite. Let L1, . . . , Ln be C∞-hermitian line bundles on Y ,
and M a continuous hermitian line bundle on Y . Then,
d̂eg
(
ĉ1(f
∗L1) · · · ĉ1(f ∗Ln) · ĉ1(f ∗M)
)
= deg(f)d̂eg
(
ĉ1(L1) · · · ĉ1(Ln) · ĉ1(M)
)
.
Proof. Let us consider the following commutative diagram:
X
µ←−−− X ′
f
y yf ′
Y
ν←−−− Y ′
where µ : X ′ → X and ν : Y ′ → Y are generic resolutions of singularities of X and Y respec-
tively. Then, our assertions are consequences of Proposition 1.2. ✷
2. ARITHMETICALLY POSITIVE HERMITIAN LINE BUNDLES
Let B be a projective arithmetic variety with d = dimBQ, and H a C∞-hermitian line bundle
on B. From now on, we introduce several kinds of positivity of H. First of all, we say H is ample
if H is ample, c1(H) is semipositive on B(C), and, for a sufficiently large n, H0(B,H⊗n) is
generated by {s ∈ H0(B,H⊗n) | ‖s‖sup < 1}. H is said to be vertically nef if H is relatively nef
with respect to B → Spec(Z), and c1(H) is semipositive on B(C). We say H is horizontally nef
if, for all one-dimensional integral closed subschemes Γ flat over Z, d̂eg
(
H
∣∣
Γ
) ≥ 0. Moreover,
if H is vertically nef and horizontally nef, then we say H is nef. Further, H is said to be big if
rkH0(B,H⊗m) = O(md), and there is a non-zero section s of H0(B,H⊗n) with ‖s‖sup < 1
for some positive integer n. It is easy to see that if H is ample, then H is nef and big. The
following theorem due to Faltings, Gillet-Soulé and Zhang is a very useful criterion for the bigness
of C∞-hermitian line bundles (cf. [14, Theorem 1.4]).
Theorem 2.1. Let B be a projective arithmetic variety with d = dimBQ, and L a C∞-hermitian
line bundle on B. If L is vertically nef, LQ is ample on BQ, and d̂eg
(
ĉ1(L)
d+1
)
> 0, then L is big.
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Moreover, we have the following.
Proposition 2.2. LetB be a projective arithmetic variety with d = dimBQ, andL aC∞-hermitian
line bundle on B. Then, the following are equivalent.
(1) L is big.
(2) For any C∞-hermitian line bundles M on B, there are a positive integer n and a non-zero
section s of H0(B,L⊗n ⊗M) with ‖s‖sup < 1.
Proof. First, we assume (1). Then, there is a non-zero section s1 ofH0(B,L⊗n1) with ‖s1‖sup <
1 for some n1. Moreover, since rkH0(B,L⊗m) = O(md), we can find a non-zero section s2 of
H0(B,L⊗n2 ⊗M). Let n3 be a sufficiently large integer with
(‖s1‖sup)n3 ‖s2‖sup < 1.
Then, s⊗n31 ⊗ s2 ∈ H0(B,L⊗n3n1+n2 ⊗M), and
‖s⊗n31 ⊗ s2‖sup ≤ (‖s1‖sup)n3 ‖s2‖sup < 1.
Thus, we get (2).
Next, we assume (2). It is sufficient to show that rkH0(B,L⊗m) = O(md). Let A be an ample
C∞-hermitian line bundle on B. Then, there are a positive integer n1 and a non-zero section s
of H0(B,L⊗n1 ⊗ A⊗−1). Thus, we have an injection A → L⊗n1 . Therefore, rkH0(B,L⊗m) =
O(md). ✷
Let P̂icC∞(B) (resp. P̂icC0(B))be the isomorphic classes of C∞-hermitian (resp. continuous
hermitian) line bundles on B. An element of P̂icC∞(B)⊗Q (resp. P̂icC0(B)⊗Q) is called a C∞-
hermitian (resp. continuous hermitian) Q-line bundle on B. For simplicity, the group structure of
P̂icC∞(B)⊗Q (or P̂icC0(B)⊗Q) is often written additively. Note that the previous definitions of
‘ample’, ‘vertically nef’, ‘horizontally nef’, ‘nef’ and ‘big’ work for C∞-hermitianQ-line bundles
on B. Let L be a continuous hermitian Q-line bundle. We say L is effective if L ∈ PicC0(B) and
H0(B,L) contains a non-zero section s with ‖s‖sup ≤ 1. Moreover, L is said to be Q-effective if
nL is effective for some positive integer n.
Proposition 2.3. Let B be a projective arithmetic variety with d = dimBQ. Then, we have the
following.
(1) If L1, . . . , Ld+1 are nef C∞-hermitianQ-line bundles, then
d̂eg
(
ĉ1(L1) · · · ĉ1(Ld+1)
) ≥ 0.
(2) If L1, . . . , Ld are nef C∞-hermitian Q-line bundles and M is a Q-effective continuous her-
mitianQ-line bundle, then
d̂eg
(
ĉ1(L1) · · · ĉ1(Ld) · ĉ1(M)
) ≥ 0.
Proof. (1) It can be proved by using Nakai-Moishezon’s criterion on arithmetic varieties (cf.
[14, Corollary 4.8]). Here we would like to give a more elementary proof, which is a simpler case
of Theorem 5.1. Let us begin with the following lemma.
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Lemma 2.4. Let π : B → Spec(Z) be a projective arithmetic variety with d = dim(BQ), and L
a nef C∞-hermitianQ-line bundle on B. Moreover, let A be a vertically nef C∞-hermitianQ-line
bundle such thatAQ is ample on BQ and, for all integral subschemes Γ of B with π(Γ) = Spec(Z),
d̂eg
(
ĉ1(A
∣∣
Γ
)dim(ΓQ)+1
)
> 0.
Then, for all 0 ≤ i ≤ d+ 1,
d̂eg
(
ĉ1(L)
i · ĉ1(A)d+1−i
) ≥ 0.
Proof. We prove this lemma by induction on d. If d = 0, then our assertion is obvious, so that
we assume that d > 0.
Case i = 0, . . . , d: Since d̂eg
(
ĉ1(A)
d+1
)
> 0, replacing A by A⊗n (n > 0), we may assume
that there is a non-zero section s of H0(B,A) with ‖s‖sup < 1. Let div(s) = a1Γ1 + · · ·+ aeΓe
be the decomposition of div(s) as cycles. Here, aj > 0. Then,
d̂eg
(
ĉ1(L)
i · ĉ1(A)d+1−i
)
=
∑
j
aj d̂eg
(
ĉ1(L
∣∣
Γj
)i · ĉ1(A
∣∣
Γj
)d−i
)
−
∫
B(C)
log(‖s‖)c1(L)∧i ∧ ĉ1(A)∧d−i.
Therefore, by Lemma 2.5 and the hypothesis of induction, the above is non-negative.
Case i = d+ 1: Let P (t) be a polynomial given by
P (t) = d̂eg
(
ĉ1(L+ tA)
d+1
)
.
Here, we claim the following.
Claim 2.4.1. If t > 0and P (t) > 0, then P (t) ≥ td+1d̂eg (ĉ1(A)d+1).
By using the hypothesis of induction and the assumption P (t) > 0, we can see
d̂eg
(
ĉ1((L+ tA)
∣∣
Γ
)dim(ΓQ)+1
)
> 0
for all integral subschemes Γ on B with π(Γ) = Spec(Z). Thus, in the same way as above, we
have d̂eg
(
ĉ1(L) · ĉ1(L+ tA)d
) ≥ 0. Hence,
P (t) = d̂eg
(
(ĉ1(L) + tĉ1(A)) · ĉ1(L+ tA)d
)
≥ td̂eg (ĉ1(A) · ĉ1(L+ tA)d)
≥ td+1d̂eg (ĉ1(A)d+1)
Therefore, we get the claim.
We set t0 = max{t ∈ R | P (t) = 0}. Here we assume that t0 > 0. Then, by the above claim,
for all t > t0,
P (t) ≥ td+1d̂eg (ĉ1(A)d+1) .
Hence, taking t→ t0,
0 = P (t0) ≥ td+10 d̂eg
(
ĉ1(A)
d+1
)
> 0.
This is a contradiction, namely, t0 ≤ 0. Thus, P (0) = d̂eg
(
ĉ1(L)
d+1
) ≥ 0. ✷
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Let us go back to the proof of (1) of Proposition 2.3. We prove this by induction on d. Let
A be an ample C∞-hermitian line bundle on B. Let ǫ is a positive rational number. Then, by
Lemma 2.4, we can see
d̂eg
(
ĉ1(Ld+1 + ǫA)
d+1
)
> 0.
Hence, using a small section of a positive multiple of Ld+1 + ǫA, the hypothesis of induction and
Lemma 2.5, we can see
d̂eg
(
ĉ1(L1) · · · ĉ1(Ld) · (Ld+1 + ǫA)
) ≥ 0.
Thus, we have our assertion taking ǫ→ 0.
(2) This is a consequence of (1). ✷
Finally let us consider the following lemma, which was used in the proof of the previous propo-
sition.
Lemma 2.5. Let V be a vector space over R with a complex structure J , i.e., an endomorphism
J : V → V with J2 = − idV . Let T (resp. T ′) be the eigenspace of J with respect to
√−1 (resp.
−√−1) in V ⊗RC. Note that the complex conjugation in V ⊗RC gives rise to the anti-isomorphism
of T and T ′ over C. Let us fix a basis {e1, . . . , en} of T over C. For a hermitian n × n-matrix
H = (hij), we set
ω(H) =
√−1
∑
i,j
hij(ei ∧ e¯j).
If H1, . . . , Hn are semipositive hermitian n×n-matrices, then there is a non-negative real number
λ with
ω(H1) ∧ · · · ∧ ω(Hn) = λ(
√−1)n(e1 ∧ e¯1) ∧ · · · ∧ (en ∧ e¯n).
Proof. First we claim the following.
Claim 2.5.1. Let x1, . . . , xn be elements of T . If we set xi =
∑
j aijej and A = (aij), then
(x1 ∧ x¯1) ∧ · · · ∧ (xn ∧ x¯n) = | det(A)|2(e1 ∧ e¯1) ∧ · · · ∧ (en ∧ e¯n).
Since
x1 ∧ · · · ∧ xn = det(A)(e1 ∧ · · · ∧ en) and x¯1 ∧ · · · ∧ x¯n = det(A)(e¯1 ∧ · · · ∧ e¯n),
we have
(x1 ∧ · · · ∧ xn) ∧ (x¯1 ∧ · · · ∧ x¯n) = | det(A)|2(e1 ∧ · · · ∧ en) ∧ (e¯1 ∧ · · · ∧ e¯n),
which shows us the claim.
By our assumption, there are unitary matrices Ui’s and non-negative real numbers λi1, . . . , λin
(i = 1, . . . , n) such that U∗i HiUi = diag(λi1, . . . , λin) for all i, where A∗ = A¯t. Thus, if we take a
new basis ei1, . . . , ein according to Ui, then
ω(Hi) =
√−1
n∑
a=1
λia(e
i
a ∧ e¯ia).
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Thus, we obtain
ω(H1) ∧ · · · ∧ ω(Hn) = (
√−1)n
∑
1≤a1,... ,an≤n
λ1a1 · · ·λnan(e1a1 ∧ e¯1a1) ∧ · · · ∧ (enan ∧ e¯nan).
On the other hand, by the above claim, there is a non-negative real number τa1,... ,an with
(e1a1 ∧ e¯1a1) ∧ · · · ∧ (enan ∧ e¯nan) = τa1,... ,an(e1 ∧ e¯1) ∧ · · · ∧ (en ∧ e¯n).
Therefore,
ω(H1) ∧ · · · ∧ ω(Hn) =
( ∑
1≤a1,... ,an≤n
τa1,... ,anλ
1
a1
· · ·λnan
)
(
√−1)n(e1 ∧ e¯1) ∧ · · · ∧ (en ∧ e¯n).
Hence, we get our lemma. ✷
3. ARITHMETIC HEIGHT FUNCTIONS OVER FINITELY GENERATED FIELDS
3.1. Polarization of finitely generated fields over Q. Let K be a finitely generated field over Q
with tr. degQ(K) = d. A normal projective arithmetic variety B is called an arithmetic model of
K if the function field of B is isomorphic to K. A collection (B;H1, . . . , Hd) of the arithmetic
model B of K and nef C∞-hermitian Q-line bundles H1, . . . , Hd on B is called a polarization
of K. Note that if d = 0, then we do not require any kind of C∞-hermitian line bundles to fix a
polarization of K. For short, the polarization (B;H1, . . . , Hd) is often denoted by B. Moreover,
the polarization B is said to be big if H1, . . . , Hd are big. If H1 = · · · = Hd, say H, then the
polarization B is simply called a polarization of K given by H.
Let K ′ be a finite extension field of K, and µ : B′ → B the normalization of B in K ′. Then, we
have a polarization (B′;µ∗(H1), . . . , µ∗(Hd)) of K ′. This polarization is denoted by BK ′ , and is
called the polarization of K ′ induced by B. Clearly, if B is big, then so is BK ′ .
Here let us consider the existence of a special polarization.
Proposition 3.1.1. Let K be a finitely generated field overQ with tr. degQK = d. Then, there are
a finite extension field K ′ of K, an arithmetic model B of K ′, and a nef C∞-hermitian line bundle
H on B such that H is ample and d̂eg(ĉ1(H)d+1) = 0.
Proof. If d = 0, then we can take H as (OK , | · |can), where OK is the ring of integers in K.
Thus, we may assume that d > 0.
We first need a special arithmetic surface. Let us consider the following elliptic curve due to J.
Tate (cf. [10, 5.10]):
y2 + xy + ǫ2y = x3,
where ǫ = (5 +
√
29)/2 is the fundamental unit of Q(
√
29). Then, the discriminant of this curve
is −ǫ10. We denote Q(√29) by k, and the ring of integers by Ok, i.e., Ok = Z[ǫ]. Here we set
E = Proj
(
Ok[X, Y, Z]/(Y
2Z +XY Z + ǫ2Y Z2 −X3))
and Ed = E ×Ok · · · ×Ok E. Then, since E is smooth over Ok, Ed is an abelian scheme over
Ok. For an ample line bundle L on Ed, we set H0 = [−1]∗(L) ⊗ L. Then, H0 is symmetric on
each fiber of Ed → Spec(Ok). Thus, [2]∗(H0) = H⊗40 because the class group of k is trivial.
Moreover, on each infinite fiber, we give the cubic metric of H0 with [2]∗(H0) = H
⊗4
0 (cf. [6]), so
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that c1(H0) is positive on each infinite fiber. Thus, the height function hH0 given by H0 is nothing
more than the Néron-Tate height associated with (H0)k. Hence, we can see that H0 is nef and
d̂eg(ĉ1(H0)
d+1) = 0 by virtue of [14, Theorem (5.2)].
Let K0 be the function field of Ed. Then, (Ed, H0) is a polarization of K0. Here we take a finite
extension K ′ of K with K0 ⊆ K ′. Then, the polarization of K ′ induced by (Ed, H0) is our desired
polarization. ✷
3.2. Naive height functions. Let K be a finitely generated field over Q with tr. degQ(K) = d,
and B = (B;H1, . . . , Hd) a polarization of K. For (x0, . . . , xn) ∈ Kn+1 \ {0}, we set
hBnv,K(x0, . . . , xn) =
∑
Γ
max
i
{− ordΓ(xi)}d̂eg
(
ĉ1(H1
∣∣
Γ
) · · · ĉ1(Hd
∣∣
Γ
)
)
+
∫
B(C)
log
(
max
i
{|xi|}
)
c1(H1) ∧ · · · ∧ c1(Hd),
where Γ runs over all prime divisors on B. Note that if d = 0, then the term ĉ1(H1
∣∣
Γ
) · · · ĉ1(Hd
∣∣
Γ
)
is [Γ] as cycle, and c1(H1)∧· · ·∧ c1(Hd) is 1, so that in this case, the above naive height coincides
with the usual naive height over a number field.
For x ∈ K \ {0},
0 = d̂eg
(
ĉ1(H1) · · · ĉ1(Hd) · (̂x−1)
)
=
∑
Γ
(− ordΓ(x))d̂eg
(
ĉ1(H1
∣∣
Γ
) · · · ĉ1(Hd
∣∣
Γ
)
)
+
∫
B(C)
log(|x|)c1(H1) ∧ · · · ∧ c1(Hd).
Thus, we can see that
hBnv,K(ax0, . . . , axn) = h
B
nv,K(x0, . . . , xn)
for all (x0, . . . , xn) ∈ Kn+1 \ {0} and all a ∈ K \ {0}. Hence, we have a function
hBnv,K : P
n(K)→ R.
Let K ′ be a finite extension field of K, and B′ the polarization of K ′ induced by B. Then, for
(x0, . . . , xn) ∈ Kn+1 \ {0}, it is easy to see that
hB
′
nv,K ′(x0, . . . , xn) = [K
′ : K]hBnv,K(x0, . . . , xn).
(Of course, this can be checked directly. In the next subsection, we give an alternative definition
of hBnv,K in terms of Arakelov intersection theory, which also shows the above formula by virtue
of the projection formula.) Thus, a family
{
[K ′ : K]−1hB
′
nv,K ′
}
K ′
of functions gives rise to a naive
height function
hBnv : P
n(K)→ R
associated with B.
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3.3. Height functions in terms of Arakelov intersection theory. Let K be a finitely generated
field over Q with tr. degQ(K) = d, and B = (B;H1, . . . , Hd) a polarization of K. Let X be a
projective variety over K, and L a line bundle on X . Let f : X → B be a projective morphism
of arithmetic varieties, and L a continuous hermitian Q-line bundle on X such that XK = X and
LK = L. We say a pair (X ,L) is called a model of (X,L) over B. Moreover, if L is a C∞-
hermitianQ-line bundle, then the pair (X ,L) is called a C∞-model of (X,L). For P ∈ X(K), we
denote by ∆P the Zariski closure of Image(Spec(K)
P−→ X ) in X . Then, we define the height of
P with respect to (X ,L) and B to be
hB
(X ,L)(P ) =
1
[K(P ) : K]
d̂eg
(
ĉ1(f
∗H1
∣∣
∆P
) · · · ĉ1(f ∗Hd
∣∣
∆P
) · ĉ1(L
∣∣
∆P
)
)
,
where if d = 0, then the term ĉ1(f ∗H1
∣∣
∆P
) · · · ĉ1(f ∗Hd
∣∣
∆P
) should be [∆P ] as cycles. Let us
begin with the following proposition.
Proposition 3.3.1. Let K ′ be a finite extension field of K, and let π : B′ → B be a morphism of
projective normal arithmetic varieties such that the function field of B′ is K ′. Let X ′ be the main
component of X ×B B′. We set the induced morphism as follows:
X π′←−−− X ′
f
y yf ′
B
π←−−− B′.
Then, h(B
′;π∗(H1),... ,π∗(H)d))
(X ′,π′∗(L)) = [K
′ : K]h(B;H1,... ,Hd)
(X ,L) .
Proof. Pick up P ∈ X(K). Let ∆P (resp. ∆′P ) be the closure in X (resp. X ′). Then, by the
projection formula (cf. (2) of Proposition 1.3),
h
(B′;π∗(H1),... ,π∗(H)d))
(X ′,π′∗(L)) (P ) =
d̂eg
(
ĉ1(π
′∗f ∗H1
∣∣
∆′
P
) · · · ĉ1(π′∗f ∗Hd
∣∣
∆′
P
) · ĉ1(π′∗L
∣∣
∆′
P
)
)
deg(∆′P → B′)
=
deg(∆′P → ∆P )
deg(∆′P → B′)
d̂eg
(
ĉ1(f
∗H1
∣∣
∆P
) · · · ĉ1(f ∗Hd
∣∣
∆P
) · ĉ1(L
∣∣
∆P
)
)
= [K ′ : K]h(B;H1,... ,Hd)
(X ,L) (P ).
✷
Let PnC be the n-dimensional projective space over C, and O(1) the tautological line bundle on
PnC. We fix a homogeneous coordinate (X0, . . . , Xn) of PnC, i.e., a basis of H0(PnC,O(1)). For a
real number l ≥ 1, we define the metric ‖·‖l of O(1) to be
‖Xi‖l = |Xi|
(|X0|l + · · ·+ |Xn|l)1/l
.
‖ ·‖2 is called the Fubini-Study metric and is denoted by ‖ ·‖FS. Moreover, the metric ‖ ·‖∞ is
defined by
‖Xi‖∞ = |Xi|
max{|X0|, . . . , |Xn|} .
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Note that liml→∞ ‖·‖l = ‖·‖∞.
Let us consider PnB and the natural projection p : PnB → PnZ. By abuse of notation, p∗(O(1), ‖·‖l)
is denoted by (O(1), ‖·‖l) for 1 ≤ l ≤ ∞. Then, we have the following proposition.
Proposition 3.3.2. Let hBnv be the naive height on Pn(K) defined in the previous subsection 3.2.
Then, hBnv coincides with hB(Pn
B
,(O(1),‖·‖∞)).
Proof. By virtue of Proposition 3.3.1 (actually in the same way as the proof of it), it is sufficient
to show the following claim.
Claim 3.3.2.1. hB(Pn
B
,(O(1),‖·‖∞))(P ) = h
B
nv(P ) for all P ∈ X(K).
We first fix a basis {X0, . . . , Xn} of H0(PnZ,O(1)). Let ∆P be the section corresponding with
P , and sP : B → ∆P →֒ PnB the canonical morphism. For simplicity, we assume that s∗P (X0) 6= 0.
If we set ai = s∗P (Xi)/s∗P (X0) for i = 0, . . . , n, then ai ∈ K and hBnv(P ) = hBnv(a0, a1, . . . , an).
Since div(s∗P (X0)) =
∑
Γ ordΓ(s
∗
P (X0))Γ,
d̂eg
(
ĉ1(H)
d · ĉ1(s∗P (O(1), ‖·‖∞))
)
=
∑
Γ
ordΓ(s
∗
P (X0))d̂eg
(
ĉ1(H1
∣∣
Γ
) · · · ĉ1(Hd
∣∣
Γ
)
)
+
∫
B(C)
(− log s∗P (‖X0‖∞)) c1(H1) ∧ · · · ∧ c1(Hd)
By the definition of ‖·‖∞, we can see that − log s∗P (‖X0‖∞) = log (maxi{|ai|}). On the other
hand, since s∗P (Xi)’s generate s∗P (O(1)), we have
ordΓ(s
∗
P (X0)) = lengthΓ
(
s∗P (O(1))
s∗P (X0)
)
= lengthΓ
(OBs∗P (X0) + · · ·+OBs∗P (Xn)
s∗P (X0)
)
= lengthΓ
(OBa0 + · · ·+OBan
OB
)
= max
i
{− ordΓ(ai)}.
Thus, we get our claim.
Note that combining the above claim with Proposition 3.3.1, we can see that hBnv,K = [K ′ :
K]hBnv,K ′ as we remarked in the previous subsection 3.2. ✷
Next let us consider the following proposition.
Proposition 3.3.3. If we denote Supp (Coker(H0(X,L)⊗OX → L)) by Bs(L), then there is a
constant C with hB
(X ,L)(P ) ≥ C for all P ∈ (X \ Bs(L))(K).
Proof. LetA be an ample line bundle onB such that f∗(L)⊗A is generated by global sections,
i.e.,
H0(B, f∗(L)⊗ A)⊗OB → f∗(L)⊗A
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is surjective. Hence, H0(X ,L ⊗ f ∗(A))⊗ OX → f ∗(f∗(L)) ⊗ f ∗(A) is surjective. Therefore, if
we set
Z = Supp (Coker(H0(X ,L⊗ f ∗(A))⊗OX → L⊗ f ∗(A))) ,
then ZK = Bs(L).
Let {s1, . . . , sl} be a free basis of H0(X ,L ⊗ f ∗(A)) as Z-modules. Let us choose a metric of
A such that ‖si‖sup < 1 for all i. Pick up an arbitrary P ∈ (X \ Bs(L))(K). Then, there is an si
with si(P ) 6= 0, which shows us that L ⊗ f ∗A
∣∣
∆P
is effective. Thus, by (2) of Proposition 2.3,
d̂eg
(
ĉ1(f
∗H1
∣∣
∆P
) · · · ĉ1(f ∗Hd
∣∣
∆P
) · ĉ1(L⊗ f ∗A
∣∣
∆P
)
)
≥ 0.
Hence, by virtue of the projection formula ((2) of Proposition 1.3), we have
d̂eg
(
ĉ1(f
∗H1
∣∣
∆P
) · · · ĉ1(f ∗Hd
∣∣
∆P
) · ĉ1(L
∣∣
∆P
)
)
+ deg(∆P → B)d̂eg(ĉ1(H1) · · · ĉ1(Hd) · ĉ1(A)) ≥ 0.
Therefore,
hB
(X ,L)(P ) ≥ −d̂eg(ĉ1(H1) · · · ĉ1(Hd) · ĉ1(A)).
✷
Corollary 3.3.4. If LK = OX , then there is a constantC with |hB(X ,L)(P )| ≤ C for all P ∈ X(K).
Proof. Apply Proposition 3.3.3 to L and L⊗−1. ✷
Corollary 3.3.5. Let (X ,L) and (X ′,L′) be two models of (X,L). Then, there is a constantC > 0
with
|hB
(X ,L)(P )− hB(X ′,L′)(P )| ≤ C
for all P ∈ X(K).
Proof. Let us consider the graph X ′′ of the birational map X 99K X ′. Let µ : X ′′ → X and
µ′ : X ′′ → X ′ be the canonical morphisms. Then, by the projection formula, we can see that
hB
(X ′′,µ∗(L)) = h
B
(X ,L) and h
B
(X ′′,(µ′)∗(L′)) = h
B
(X ′,L′).
On the other hand, since µ∗(L) coincides with (µ′)∗(L′) on the generic fiber of X ′′ → B. Thus,
by Corollary 3.3.4, there is a constant C with
|hB
(X ′′,µ∗(L)) − hB(X ′′,(µ′)∗(L′))| ≤ C.
Therefore, we get our corollary. ✷
Definition 3.3.6. By the above corollary, the class of hB
(X ,L) modulo the set of all bounded func-
tions on X(K) does not depend on the choice of the model (X ,L) of (X,L) over B. This class is
called the height associated with L and B, and is denoted by hBL . By abuse of notation, we often
view hBL as a representative of hBL .
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Here we list elementary properties of height functions.
Proposition 3.3.7. (1) If X ⊆ PnK and L = OPnK (1)
∣∣
X
, then hBL = hBnv
∣∣∣
X(K)
+O(1).
(2) For line bundles L and M on X , hBL⊗M = hBL + hBM +O(1) and hBL⊗−1 = −hBL +O(1).
(3) hBL is bounded below on (X \ SBs(L))(K), where SBs =
⋂
n>0 Bs(L
⊗n). In particular, we
have the following.
(3.1) If L is ample, then hBL is bounded below.
(3.2) If L = OX , then hBL = O(1).
(4) (Northcott’s theorem for our height functions) If B = (B;H1, . . . , Hd) is big, i.e., H i’s are
nef and big, then, for any numbers M and any positive integers e, the set
{P ∈ X(K) | hBL (P ) ≤M, [K(P ) : K] ≤ e}
is finite.
(5) Let H ′1, . . . , H
′
d be nef C∞-hermitian line bundles on B such that H ′i ⊗H⊗−1i is Q-effective
for every i. If L is ample, then h(B;H1,... ,Hd)L ≤ h(B;H
′
1,... ,H
′
d)
L +O(1).
Proof. (1): This is derived from Proposition 3.3.2 and Corollary 3.3.5.
(2): This follows from the formulae: hB
(X ,L⊗M) = h
B
(X ,L) + h
B
(X ,M) and h
B
(X ,L⊗−1) = −h
B
(X ,L).
(3): Since there is a positive integer n with SBs(L) = Bs(L⊗n), it is a consequence of (2) and
Proposition 3.3.3.
(4): This will be proved in §4 (cf. Theorem 4.3).
(5): Clearly, we may assume that L is very ample. Let φL : X → PNK be the embedding by
L. Let X be the closure of X in PNB , and OX (1) the restriction of O(1) on PNB . Then, OX (1) is
f -ample, where f is the canonical morphism X → B. Thus, there is an ample line bundle Q on B
such that OX (1)⊗ f ∗(Q) is ample. We set L = OX (1)⊗ f ∗(Q). Then, LK = L. Moreover, we
give a C∞-hermitian metric to L such that L is ample.
Let us pick up P ∈ X(K) and let ∆P be the closure of P in X . For simplicity, we set Ai =
ĉ1(f
∗H
′
i)
∣∣∣
∆P
, Bi = ĉ1(f
∗H i)
∣∣
∆P
, and C = ĉ1(L)
∣∣
∆P
, Then,
A1 · · ·Ad · C − B1 · · ·Bd · C =
d−1∑
i=0
A1 · · ·Ai · (Ai+1 − Bi+1) · Bi+2 · · ·Bd · C.
On the other hand, since Ai, Bi, and C are nef, and Ai+1 −Bi+1 is Q-effective, by (2) of Proposi-
tion 2.3, we have
d̂eg(A1 · · ·Ai · (Ai+1 − Bi+1) · Bi+2 · · ·Bd · C) ≥ 0.
Thus, we get d̂eg(A1 · · ·Ad · C) ≥ d̂eg(B1 · · ·Bd · C), which says us that
h
(B;H1,... ,Hd)
(X ,L) (P ) ≤ h
(B;H
′
1,... ,H
′
d)
(X ,L) (P ).
Hence, we obtain (5). ✷
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3.4. Canonical height functions on abelian varieties. Let K be a finitely generated field over
Q, and B = (B;H1, . . . , Hd) a polarization of K. Let A be an abelian variety over K, and L a
line bundle on A. Then, by virtue of the cubic theorem and (3.2) of Proposition 3.3.7,
hBL (x+ y + z)− hBL (x+ y)− hBL (y + z)− hBL (z + x) + hBL (x) + hBL (y) + hBL (z)
is a bounded function on A(K) × A(K) × A(K). Thus, there are a unique bilinear form qBL :
A(K)× A(K)→ R and a unique linear function lBL : A(K)→ R such that
hBL (x) = q
B
L (x, x) + l
B
L (x) +O(1)
(cf. [5, Chapter 5, §1]). Actually, qBL (x, x) and lBL (x) are given by the following formula:
qBL (x, x) = lim
n→∞
2−2nhBL (2
nx) and lBL (x) = lim
n→∞
2−n
(
2−2nhBL (2
nx)− qBL (x, x)
)
.
qBL + l
B
L is denoted by hˆBL , and is called the canonical height function of L with respect to the
polarization B. Moreover, it is easy to see that q = 0 if [−1]∗(L) = L⊗−1, and l = 0 if [−1]∗(L) =
L. Thus, ifL is symmetric, then hˆBL (x) = limn→∞ 2−2nhBL (2nx). Here let us consider the following
two propositions.
Proposition 3.4.1. Let L be a symmetric ample line bundle on A. Then, we have the following.
(1) hˆBL (x) ≥ 0 for all x ∈ A(K).
(2) If x is a torsion point, then hˆBL (x) = 0.
(3) We assume that B is big, i.e., H1, . . . , Hd are nef and big. Then, hˆBL (x) = 0 if and only if x
is a torsion point.
Proof. (1) This is a consequence of (3.1) of Proposition 3.3.7.
(2) We assume that x is a torsion point. Then, there is a positive number n with nx = 0. Thus,
0 = hˆBL (nx) = n
2hˆBL (x). Hence hˆBL (x) = 0.
(3) We assume that hˆBL (x) = 0. Let us consider the subgroup G generated by x. If x is defined
over a finite extension field K ′, then every element of G is defined over K ′. Moreover, the height
of every element of G is zero. Thus, by (4) of Proposition 3.3.7, G is a finite group, namely, x is a
torsion point. ✷
Proposition 3.4.2. Let L and M be symmetric line bundles on A. Then we have the following.
(1) hˆBL⊗M = hˆBL + hˆBM and hˆBL⊗−1 = −hˆBL .
(2) If L is ample, then there is a positive number a with hˆBM ≤ ahˆBL .
(3) Let B′ = (B;H ′1, . . . , H
′
d) be another polarization of K. If L is ample and B′ is big, then
there is a positive number b with hˆBL ≤ bhˆB
′
L .
Proof. (1) This is a consequence of (2) of Proposition 3.3.7.
(2) There is a positive integer a such thatL⊗a⊗M⊗−1 is ample. Thus, by (1) of Proposition 3.4.1,
hˆBL⊗a⊗M⊗−1 ≥ 0. Hence, our assertion follows from (1).
(3) By Proposition 2.2, there are positive integers n1, . . . , nd such thatH ′i
⊗ni⊗H⊗−1 is effective
for every i. Thus it follows from (5) of Proposition 3.3.7. ✷
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3.5. Remarks.
Remark 3.5.1. Note that in general, our height function over a finitely generated field K is not a
height function in the sense of Lang’s book [5]. For, the map v : K → R+ given by
v(x) = exp
(∫
B(C)
log(|x|)c1(H1) ∧ · · · ∧ c1(Hd)
)
is not necessarily a valuation of K, where (B;H1, . . . , Hd) is a polarization of K and d =
tr. degQ(K).
Remark 3.5.2. After writing the first draft of this paper, Prof. Silverman kindly informed me
the work of Altman. In [1], he gave the size function similar to our height functions. On an
abelian variety A over a field K, he proved that there is a quadratic function A(K) → R with
size(x) ≤ Q(x) for all x ∈ A(K). Compared with his method, our way gives rise to the point of
view of geometry, so that it is easy to handle it in the functorial framework.
Remark 3.5.3. Here, we would like to point out a similarity between our height functions and the
characteristic function in Nevanlinna theory. Let us choose f ∈ Q(z) \ {0}. If f has no pole at 0,
then the characteristic function Tf is given by
Tf (r) =
∑
|x|<r
max{− ordx(f), 0} log(r/|x|) +
∫ 2π
0
log+
(
|f(re
√−1θ)|
) dθ
2π
,
where log+(x) = log(max{x, 1}).
On the other hand, if we fix a polarization (P1Z, (O(1), ‖·‖FS)) of Q(z), then the naive height of
(f : 1) ∈ P1(Q(z)) is given by
hnv(f : 1) =
∑
Γ
max{− ordΓ(f), 0}d̂eg ((O(1), ‖·‖FS)|Γ) +
∫
C
log+(|f |)
√−1dz ∧ dz¯
2π(1 + |z|2)2
=
∑
Γ
max{− ordΓ(f), 0}d̂eg ((O(1), ‖·‖FS)|Γ)
+
∫ ∞
0
[
2r
(1 + |r|2)2
∫ 2π
0
log+
(
|f(re
√−1θ)|
) dθ
2π
]
dr.
4. NORTHCOTT’S THEOREM OVER FINITELY GENERATED FIELDS
Let C[z1, . . . , zn] be the ring of n-variables polynomials over C. For f ∈ C[z1, . . . , zn], we
denote by |f | the maximal of the absolute values of coefficients of f . Moreover, we denote by
degi(f) the degree of f with respect to zi.
Let us consider the following (1, 1)-form ωi on Cn for each i:
ωi =
√−1dzi ∧ dz¯i
2π(1 + |zi|2)2 .
For f ∈ C[z1, . . . , zn], we define v(f) to be
v(f) = exp
(∫
Cn
log(|f(z1, . . . , zn)|)ω1 ∧ · · · ∧ ωn
)
.
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Then we have the following lemma.
Lemma 4.1. For any f ∈ C[z1, . . . , zn], |f | ≤ 2deg1(f)+···+degn(f)v(f). In particular, for any
numbers M and any non-negative integers d1, . . . , dn, the set
{f ∈ Z[z1, . . . , zn] | v(f) ≤M, degi(f) ≤ di (i = 1, . . . , n)}
is finite.
Proof. First, let us consider the case n = 1. By straightforward calculations together with
Jensen’s formula, we can see that v(z − α) = √1 + |α|2 for all α ∈ C. Thus, if we set f(z) =
c(z − α1) · · · (z − αd), then v(f) = |c|
√
1 + |α1|2 · · ·
√
1 + |αd|2. Therefore, we can easily see
that |f | ≤ 2dv(f).
In general, we will prove this lemma by induction on n. We set
f = a0(z2, . . . , zn)z
d1
1 + a1(z2, . . . , zn)z
d1−1
1 + · · ·+ ad1(z2, . . . , zn),
where d1 = deg1(f). Then, by the case n = 1,
max
i
{|ai(c2, . . . , cn)|} ≤ 2deg1(f) exp
(∫
C
log(|f(z1, c2, · · · , cn)|)ω1
)
.
for all (c2, . . . , cn) ∈ Cn−1. Thus, by hypothesis of induction,
log(v(f)) =
∫
Cn−1
(∫
C
log(|f(z1, . . . , zn)|)ω1
)
ω2 ∧ · · · ∧ ωn
≥ − log(2) deg1(f) + max
ai 6=0
∫
Cn−1
log(|ai(z2, . . . , zn)|)ω2 ∧ · · · ∧ ωn
≥ − log(2) deg1(f)− log(2)(deg2(f) + · · ·+ degn(f)) + max
ai 6=0
log |ai|
= − log(2)(deg1(f) + · · ·+ degn(f)) + log(|f |).
Therefore, we get our lemma. ✷
Next let us consider the following lemma.
Lemma 4.2. Let B = (P1Z)d and H = p∗1((OP(1), ‖·‖FS))⊗ · · · ⊗ p∗d((OP(1), ‖·‖FS)), where pi
is the projection to the i-th factor. Then, for any numbers M , the set
{P ∈ Pn(Q(z1, · · · , zd)) | hBnv(P ) ≤M}
is finite, where B = (B;H, . . . , H) is a polarization given by H .
Proof. Let L1, . . . , Ld beC∞-hermitian line bundles on P1Z. We set L = p∗1(L1)⊗· · ·⊗p∗d(Ld).
Let ∆∞ be the closure of ∞ ∈ P1Q in P1Z. We set ∆(i)∞ = p∗i (∆∞). First of all, we claim the
following:
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Claim 4.2.1.
d̂eg(ĉ1(L
∣∣
∆
(i)
∞
)d) =
d!
 ∏
1≤k≤d
k 6=i
deg(Lk)
 d̂eg(Li∣∣∆∞) + d!2 ∑
1≤j≤d
j 6=i
 ∏
1≤k≤d
k 6=i,j
deg(Lk)
 d̂eg(ĉ1(Lj)2).
For simplicity, we assume i = d. Since ∆∞ ≃ Spec(Z), there is an isomorphism
φ : P1Z ×Z · · · ×Z P1Z︸ ︷︷ ︸
(d− 1)-times
∼−→ ∆(d)∞ .
Let qi : (P1Z)d−1 → P1Z be the projection to the i-th factor. Then, φ∗(p∗i (Li)) = q∗i (Li) for i =
1, . . . , d− 1. Moreover, if we set c = exp(−d̂eg(Ld
∣∣
∆∞
)), then φ∗(p∗d(Ld)) = (O, c‖ · ‖can). We
need to calculate d̂eg(ĉ1(φ∗(L
∣∣
∆
(d)
∞
))d). Since
ĉ1(φ
∗(L
∣∣
∆
(d)
∞
)) = q∗1(ĉ1(L1)) + · · ·+ q∗d−1(ĉ1(Ld−1)) + (0,−2 log(c)),
it is equal to∑
a1+···+ad=d
d!
a1! · · ·ad! d̂eg
(
q∗1(ĉ1(L1))
a1 · · · q∗d−1(ĉ1(Ld−1))ad−1 · (0,−2 log(c))ad
)
.
Let us consider non-zero terms in the above equation. Clearly, ad must be 0 or 1. If ad = 0,
then one of a1, . . . , ad−1 is 2, and others are 1. If ad = 1, then a1 = · · · = ad−1 = 1. Thus,
d̂eg(ĉ1(φ
∗(L
∣∣
∆
(d)
∞
))d) is equal to
d!
2
d−1∑
j=1
 ∏
1≤k≤d−1
k 6=j
deg(Lk)
 d̂eg(ĉ1(Lj)2)− d! log(c) deg(L1) · · ·deg(Ld−1).
Therefore, we get our claim.
Let us go back to the proof of our lemma. We fix a number c with 0 < c < 1. We set
Ai = p
∗
1((OP(1), ‖·‖FS))⊗ · · · ⊗ p∗i (OP, c‖·‖can)⊗ · · · ⊗ p∗d((OP(1), ‖·‖FS))
Then, by the above claim, if we set
e = d!
(
− log(c) + d− 1
2
d̂eg(ĉ1(O(1), ‖·‖FS)2)
)
,
then
d̂eg
(
ĉ1(Ai
∣∣
∆
(j)
∞
)
)
=
{
e if i = j,
0 if i 6= j.
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Moreover, since H is ample, there is a positive integer n0 such that H
⊗n0 ⊗ A⊗−1i is effective for
every i. Thus, by (5) of Proposition 3.3.7, there are positive constants a and b such that hBinv ≤
ahBnv + b for all i, where Bi is a polarization (B;Ai, . . . , Ai) given by Ai. We set
S = {P ∈ Pn(Q(z1, · · · , zd)) | hBnv(P ) ≤M}
Then, for any P ∈ S, hBinv(P ) ≤ aM + b. Moreover, there are f0, · · · , fn ∈ Z[z1, · · · , zd] such
that f0, · · · , fn are relatively prime and P = (f0 : · · · : fn). Here,
hBinv(P ) = max{degi(f0), . . . , degi(fn)}e,
because c1(Ai)∧d = 0 and f0, · · · , fn are relatively prime. Thus, there is a constant M1 indepen-
dent on P such that degi(fj) ≤M1 for all i, j. On the other hand,
hBnv(P ) =
∑
i
max{degi(f0), . . . , degi(fn)}d̂eg
(
ĉ1(H
∣∣
∆
(i)
∞
)d
)
+
∫
(P1)d
log
(
max
i
{|fi|}
)
c1(H)
∧d.
Hence, there is a constant M2 independent on P such that∫
(P1)d
log(|fi|)c1(H)∧d ≤M2
for all i. Thus, by Lemma 4.1, we have only finitely many fi’s as above. ✷
Theorem 4.3. Let K be a finitely generated field over Q with tr. degQ(K) = d, and B =
(B;H1, . . . , Hd) a big polarization of K, i.e., H i’s are nef and big. Let X be a projective va-
riety over K, and L an ample line bundle on X . Then, for any numbers M and any positive
integers e, the set
{P ∈ X(K) | hBL (P ) ≤M, [K(P ) : K] ≤ e}
is finite.
Proof. We set B0 = (P1Z)d and H0 = p∗1((O(1), ‖·‖FS))⊗ · · · ⊗ p∗d((O(1), ‖·‖FS))).
Claim 4.3.1. If B = B0, H0 = H1 = · · · = Hd and e = 1, then the theorem holds.
If m is sufficiently large, then we have an embedding X →֒ Pn by L⊗m. Thus, we may assume
(X,L) = (PnQ(z1,... ,zd),O(1)). Hence, this claim follows from Lemma 4.2.
Claim 4.3.2. To prove the theorem, we may assume that B = B0 and H0 = H1 = · · · = Hd.
As in the previous claim, we may assume (X,L) = (PnK ,O(1)). Since tr. degQ(K) = d, K
contains Q(z1, . . . , zd), which means that there is a rational map B 99K B0. Thus, replacing B by
the graph of B 99K B0, we may assume that there is a generically finite morphism µ : B → B0.
Then, sinceH i’s are big, by Proposition 2.2, there are positive integers n1, . . . , nd such thatH
⊗ni
i ⊗
µ∗(H0)⊗−1 is effective for every i. Thus, using (5) of Proposition 3.3.7, h(B;µ
∗(H0),... ,µ∗(H0))
L ≤
ah
(B;H1,... ,Hd)
L + b for some positive constants a and b. Hence, we may assume that H1 = · · · =
Hd = µ
∗(H0). Therefore, our claim follows from Proposition 3.3.1.
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Claim 4.3.3. In order to prove our theorem, we may assume that e = 1.
It is sufficient to show that the set
{P ∈ X(K) | hBL (P ) ≤ M, [K(P ) : K] = e}
is finite for any numbers M and any integers e ≥ 1. Let (X ,L) be a C∞-model of (X,L). Let
P be a point of X(K) with hBL (P ) ≤ M and [K(P ) : K] = e. Let {σ1, . . . , σe} be the set of all
embeddings of K(P ) into K . Let Pi ∈ X(K) be a point given by Spec(K) σ
∗
i−→ Spec(K(P )) P−→
X , and let ∆Pi be the closure of Pi in X . Then, we have ∆P = ∆Pi for all i. Let Y be the main
component of X ×B · · · ×B X︸ ︷︷ ︸
e-times
, and M = p∗1(L) ⊗ · · · ⊗ p∗e(L), where pi is the projection to the
i-th factor. Moreover, let f : X → B and f ′ : Y → B be the canonical morphism. Then, using the
projection formula,
hB
(Y ,M)(P1, . . . , Pe) =
d̂eg
(
(f ′)∗(ĉ1(H1) · · · ĉ1(Hd)) · ĉ1(M) · (∆(P1,... ,Pe), 0)
)
deg(∆(P1,... ,Pe) → B)
=
∑e
i=1 d̂eg
(
p∗i f
∗(ĉ1(H1) · · · ĉ1(Hd)) · p∗i ĉ1(L) · (∆(P1,... ,Pe), 0)
)
deg(∆(P1,... ,Pe) → B)
=
∑e
i=1 deg(∆(P1,... ,Pe) → ∆Pi)d̂eg
(
f ∗(ĉ1(H1) · · · ĉ1(Hd)) · ĉ1(L) · (∆Pi , 0)
)
deg(∆(P1,... ,Pe) → B)
= ehB(X ,L)(P ).
Let ρ : Xe → Z = Xe/Se be the quotient of Xe by the symmetric group Se. Since M = MK
is invariant under the action of Se, there is a line bundle N on Z with ρ∗(N) = M . Thus,
ρ∗(hBN) = h
B
(Y ,M) +O(1). Hence,
hBN (ρ(P1, . . . , Pe)) ≤ ehBL (P ) + C ≤ eM + C
for some constant C independent on P . Moreover, ρ(P1, . . . , Pe) is defined over K. Thus, if our
theorem holds for the case e = 1, there are finitely many ρ(P1, . . . , Pe) with
hBN(ρ(P1, . . . , Pe)) ≤ eM + C.
Here the number of the fiber of ρ is e! at most. Hence, we have our claim.
Let us start the proof of the theorem. First, by Claim 4.3.2, we may assume B = B0 and
H0 = H1 = · · · = Hd. Thus, Claim 4.3.1 and Claim 4.3.3 implies our theorem. ✷
5. ESTIMATE OF HEIGHT FUNCTIONS IN TERMS OF INTERSECTION NUMBERS
Let K be a finitely generated field over Q with d = tr. degQ(K), B an arithmetic model of K,
and let H be a nef C∞ hermitian Q-line bundles on B. Let B = (B;H, . . . , H) be a polarization
of K given by H. Let X be an e-dimensional projective variety over K, and L a line bundle on X .
Let (X ,L) be a C∞-model of (X,L), and π : X → B the canonical morphism. The purpose of
this section is to prove the following theorem.
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Theorem 5.1. We assume that d̂eg(ĉ1(H)d+1) = 0, and that, for some rational number a, L +
aπ∗(H) is vertically nef and (L+ aπ∗(H))Q is ample on XQ. Then, we have the following.
(1) If d̂eg(ĉ1(L)e+1 · ĉ1(π∗(H))d) > 0, then
sup
Y(X
{
inf
x∈(X\Y )(K)
hB
(X ,L)(x)
}
≥ 0,
where Y runs over all proper closed subsets of X .
(2) If deg(HdQ) > 0 and inf
x∈X(K)
hB
(X ,L)(x) ≥ 0, then
d̂eg(ĉ1(L)e+1 · ĉ1(π∗(H))d) ≥ 0.
Proof. (1) Since d̂eg(ĉ1(H)d+1) = 0, by virtue of the projection formula (cf. (1) and (2) of
Proposition 1.3), we can easily see that
hB
(X ,L) = h
B
(X ,L+mπ∗(H))
and
d̂eg(ĉ1(L)e+1 · ĉ1(π∗(H))d) = d̂eg
(
(ĉ1(L+mπ∗(H))e+1 · ĉ1(π∗(H))d
)
.
Thus, we may assume that L is vertically nef and LQ is ample on BQ because
L+mπ∗(H) = L+ aπ∗(H) + (m− a)π∗(H).
Moreover, since
d̂eg
((
ĉ1(L) +mĉ1(π∗(H))
)e+d+1)
=
(
e+ d+ 1
d
)
d̂eg
(
ĉ1(L)e+1 · ĉ1(π∗(H))d
)
md +O(md−1),
we may further assume that d̂eg(ĉ1(L)e+d+1) > 0. Thus, by Theorem 2.1, for a sufficiently large
integer n, there is a non-zero section s of H0(X ,L⊗n) with ‖s‖sup < 1. We set Y = (div(s))K .
Then, for any x ∈ (X \ Y )(K),
hB
(X ,L)(x) =
1
n deg(∆x → B) d̂eg
(
d̂iv(s)
∣∣∣
∆x
· ĉ1(π∗(H)
∣∣
∆x
)d
)
.
Here, d̂iv(s)
∣∣∣
∆x
is effective, and π∗(H)
∣∣
∆x
is nef. Thus, by (2) of Proposition 2.3, we have
hB
(X ,L)(x) ≥ 0 for all x ∈ (X \ Y )(K).
(2) The proof of (2) is very similar to [14, Lemma 5.4], or Lemma 2.4. First of all, we need the
following two claims.
Claim 5.1.1. Let ν : Y → B be a surjective morphism of projective arithmetic varieties, and
let L1 and L2 be C∞-hermitian Q-line bundles on Y such that L1 and L2 are vertically nef, and
that (L1)Q and (L2)Q are ample on YQ. Let us fix an integer s with 0 ≤ s ≤ dim(Y/B), where
dim(Y/B) is the dimension of the generic fiber of Y → B. We assume the following:
(a) d̂eg (ĉ1(L1∣∣Γ)s+1 · ĉ1(ν∗(H)∣∣Γ)d) ≥ 0 for any integral subschemes Γ on Y with ν(Γ) = B
and dim(Γ/B) = s.
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(b) d̂eg (ĉ1(L2∣∣Γ)dim(Γ/B)+1 · ĉ1(ν∗(H)∣∣Γ)d) > 0 for any integral subschemesΓ onY with ν(Γ) =
B.
Then, d̂eg
(
ĉ1(L1)s+1 · ĉ1(L2)dim(Y/B)−s · ĉ1(ν∗(H))d
) ≥ 0.
Proof. We prove this claim by induction on dim(Y/B). If s = dim(Y/B), then our assertion
is trivial. Hence we may assume that dim(Y/B) > s. Since
d̂eg
(
ĉ1(L2)dim(Y/B)+1 · ĉ1(ν∗(H))d
)
> 0,
in the same way as the proof of (1),
d̂eg
((
ĉ1(L2) +mĉ1(ν∗(H))
)dim(Y/B)+d+1)
> 0
for a sufficiently large m. Thus, by Theorem 2.1, for a sufficiently large integer n, there is a
non-zero section s of H0(X , n(L2 + mν∗(H)))) with ‖s‖sup < 1. Let div(s) =
∑
i aiΓi be the
irreducible decomposition as cycles. Since d̂eg
(
ĉ1(H)
d+1
)
= 0, we have
d̂eg
(
ĉ1(L1)s+1 · ĉ1(L2)dim(Y/B)−s · ĉ1(ν∗(H))d
)
=
d̂eg
(
ĉ1(L1)s+1 · ĉ1(L2)dim(Y/B)−s−1 · ĉ1(L2 +mν∗(H)) · ĉ1(ν∗(H))d
)
,
which implies that
nd̂eg
(
ĉ1(L1)s+1 · ĉ1(L2)dim(Y/B)−s · ĉ1(ν∗(H))d
)
=∑
i
aid̂eg
(
ĉ1(L1
∣∣
Γi
)s+1 · ĉ1(L2
∣∣
Γi
)dim(Y/B)−s−1 · ĉ1(ν∗(H)
∣∣
Γi
)d
)
+
∫
X (C)
(− log ‖s‖sup)c1(L1)∧s+1 ∧ c1(L2)∧dim(Y/B)−s−1 ∧ c1(ν∗(H))∧d
Thus, by Lemma 2.5, it is sufficient to show
d̂eg
(
ĉ1(L1
∣∣
Γi
)s+1 · ĉ1(L2
∣∣
Γi
)dim(Y/B)−s−1 · ĉ1(ν∗(H)
∣∣
Γi
)d
)
≥ 0(5.1.2)
for all i.
If Γi maps surjectively to B, then, by hypothesis of induction, we can see (5.1.2). Thus, we
assume that Γi dose not map surjectively to B. Let T be the generic fiber of Γi → ν(Γi). Since
dimT ≥ e, we can see
d̂eg
(
ĉ1(L1
∣∣
Γi
)s+1 · ĉ1(L2
∣∣
Γi
)dim(Y/B)−s−1 · ĉ1(ν∗(H)
∣∣
Γi
)d
)
=
{
deg(L1|s+1T · L2|dim(Y/B)−s−1T )d̂eg(ĉ1(H
∣∣
ν(Γi)
)d) if dimT = dim(Y/B)
0 if dimT > dim(Y/B).
Here L1 and L2 are vertically nef and H is nef. Thus, by the above formula, we have (5.1.2) even
if Γi dose not map surjectively to B. ✷
Claim 5.1.3. If deg(HdQ) > 0, then there is an ample C∞-hermitian line bundle M on X such
that
d̂eg
(
ĉ1(M
∣∣
Γ
)dim(Γ/B)+1 · ĉ1(π∗(H)
∣∣
Γ
)d
)
> 0
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for any integral subschemes Γ on X with π(Γ) = B.
Proof. LetN be an ample C∞-hermitian line bundle on X , and let ‖·‖ be the metric of H . For
a positive number c with 0 < c < 1, we set A = (H, c‖·‖). Then, since deg(HdQ) > 0, we can
see that d̂eg(ĉ1(A) · ĉ1(H)d) > 0. Let Γ be a subscheme of X with π(Γ) = B. Then, by (1) of
Proposition 2.3,
d̂eg
(
ĉ1(N
∣∣
Γ
)i · ĉ1(π∗(A)
∣∣
Γ
)dim(Γ/B)+1−i · ĉ1(π∗(H)
∣∣
Γ
)d
) ≥ 0
for all 0 ≤ i ≤ dim(Γ/B) + 1. Further,
d̂eg
(
ĉ1(N
∣∣
Γ
)dim(Γ/B) · ĉ1(π∗(A)
∣∣
Γ
) · ĉ1(π∗(H)
∣∣
Γ
)d
)
= deg((Nη)dim(Γ/B))d̂eg(ĉ1(A) · ĉ1(H)d) > 0,
where η means the restriction to the generic fiber of Γ → B. Thus, if we set M = N + π∗(A),
then we have the desired hermitian line bundle. ✷
Let us go back to the proof of (2). We prove (2) by induction on e. If e = 0, then the assertion
is trivial. Thus, we assume e > 0.
In the same way as in the proof of (1), we may assume that L is vertically nef and LQ is ample
on XQ. By Claim 5.1.3, there is an ample C∞-hermitian line bundleM on X such that
d̂eg
(
ĉ1(M
∣∣
Γ
)dim(Γ/B)+1 · ĉ1(π∗(H)
∣∣
Γ
)d
)
> 0
for any integral subschemes Γ on X with π(Γ) = B. Thus, by hypothesis of induction and
Claim 5.1.1, for any integral subschemes Γ on X with π(Γ) = B and dim(Γ/B) < e,
d̂eg
((
ĉ1(L
∣∣
Γ
) + tĉ1(M
∣∣
Γ
)
)dim(Γ/B)+1 · ĉ1(π∗(H)∣∣Γ)d) > 0(5.1.4)
for all t > 0. Moreover, we can see
d̂eg
(
ĉ1(L)e+1−i · ĉ1(M)i · ĉ1(π∗(H))d
) ≥ 0(5.1.5)
for all 1 ≤ i ≤ e + 1. We set
P (t) = d̂eg
((
ĉ1(L) + tĉ1(M)
)e+1 · ĉ1(π∗(H))d)
Here we claim the following.
Claim 5.1.6. If t > 0 and P (t) > 0, then P (t) ≥ te+1d̂eg (ĉ1(M)e+1 · ĉ1(π∗(H))d).
Clearly we may assume that t is a rational number. For simplicity, we set N = L+ tM. Then,
by (5.1.4) and P (t) > 0, we have
d̂eg
(
ĉ1(N
∣∣
Γ
)dim(Γ/B)+1 · ĉ1(π∗(H)
∣∣
Γ
)d
)
> 0
for any integral subschemes Γ on X with π(Γ) = B. Thus, by using Claim 5.1.1 and the assump-
tion inf
x∈X(K)
hB
(X ,L)(x) ≥ 0, we obtain d̂eg
(
ĉ1(L) · ĉ1(N )e · ĉ1(π∗(H))
) ≥ 0. Therefore, by using
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(5.1.5),
P (t) = d̂eg
(
(ĉ1(L) + tĉ1(M)) · ĉ1(N )e · ĉ1(π∗(H))d
)
≥ td̂eg (ĉ1(M) · ĉ1(N )e · ĉ1(π∗(H))d)
≥ te+1d̂eg (ĉ1(M)e+1 · ĉ1(π∗(H))d) .
Thus, we get the claim.
Let t0 = max{t ∈ R | P (t) = 0}. We assume t0 > 0. Then, by the above claim, for any t > t0,
P (t) ≥ te+1d̂eg (ĉ1(M)e+1 · ĉ1(π∗(H))d) .
Thus, taking t→ t0,
0 = P (t0) ≥ te+10 d̂eg
(
ĉ1(M)e+1 · ĉ1(π∗(H))d
)
> 0.
This is a contradiction. Therefore, t0 ≤ 0. In particular, P (0) ≥ 0, which is nothing more than the
assertion of (2). ✷
As corollary, we have the following generalization of [14, Theorem (5.2)].
Corollary 5.2. We assume that d̂eg(ĉ1(H)d+1) = 0, deg(HdQ) > 0, and that, for some rational
number a, L + aπ∗(H) is vertically nef and (L + aπ∗(H))Q is ample on XQ. Then we have the
following inequalities:
sup
Y(X
{
inf
x∈(X\Y )(K)
hB
(X ,L)(x)
}
≥ d̂eg(ĉ1(L)
e+1 · ĉ1(π∗(H))d)
(e + 1) deg(LeK)
≥ inf
x∈X(K)
hB
(X ,L)(x).
Proof. Let c be a real number with 0 < c < 1. We set A = (H, c‖·‖), where ‖·‖ is the metric
of H. Then,
d̂eg(ĉ1(A) · ĉ1(H)d) > 0
because deg(HdQ) > 0. Let λ be an arbitrary rational number with
λ <
d̂eg(ĉ1(L)e+1 · ĉ1(π∗(H))d)
(e+ 1) deg(LeK)d̂eg(ĉ1(A) · ĉ1(H)d)
.
Then, it is easy to see that
d̂eg
(
(ĉ1(L)− λĉ1(π∗(A)))e+1 · ĉ1(π∗(H))d
)
> 0.
Here, note that
L− λπ∗(A) + (a + λ)π∗(H) = L+ λπ∗(H − A) + aπ∗(H)
is vertically nef and ample on XQ because c1(H) = c1(A). Thus, applying (1) of Theorem 5.1,
sup
Y(X
{
inf
x∈(X\Y )(K)
hB
(X ,L−λπ∗(A))(x)
}
≥ 0,
which implies
sup
Y(X
{
inf
x∈(X\Y )(K)
hB
(X ,L)(x)
}
≥ λd̂eg(ĉ1(A) · ĉ1(H)d).
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Thus, we get
sup
Y(X
{
inf
x∈(X\Y )(K)
hB
(X ,L)(x)
}
≥ d̂eg(ĉ1(L)
e+1 · ĉ1(π∗(H))d)
(e+ 1) deg(LeK)
.
Next let µ be an arbitrary rational number with
µ ≤
infx∈X(K) h
B
(X ,L)(x)
d̂eg(ĉ1(A) · ĉ1(H)d)
.
Then,
inf
x∈X(K)
hB
(X ,L−µπ∗(A))(x) ≥ 0.
Thus, by (2) of Theorem 5.1,
d̂eg
(
(ĉ1(L)− µĉ1(π∗(A)))e+1 · ĉ1(π∗(H))d
) ≥ 0,
which says us that
d̂eg
(
ĉ1(L)e+1 · ĉ1(π∗(H))d
) ≥ µ(e+ 1) deg(LeK)d̂eg(ĉ1(A) · ĉ1(H)d).
Hence, we get the second inequality. ✷
6. EQUIDISTRIBUTION THEOREM OVER FINITELY GENERATED FIELDS
Let K be a finitely generated field over Q with d = tr. degQ(K), B an arithmetic model of K,
and letH be a nefC∞ hermitianQ-line bundles onB. LetB = (B;H, . . . , H) be a polarization of
K given by H. Let X be an e-dimensional projective variety over K. Let {xm}∞m=1 be a sequence
of elements of X(K). We say {xm} is generic if any subsequences of {xm} are not contained in
any proper closed subsets of X(K).
LetL be a line bundle onX . Let (X ,L) be aC∞-model of (X,L), and π : X → B the canonical
morphism. Then, we have the following equidistribution theorem, which is a generalization of
Szpiro-Ullmo-Zhang’s result (cf. [12], [13] and [15]).
Theorem 6.1. Let h : X(K) → R be a representative of the class of height functions associated
with L and B, and let (Xn,Ln) be a sequence of C∞-models of (X,L) over B. We assume the
following.
(1) d̂eg(ĉ1(H)d+1) = 0 and deg(HdQ) > 0.
(2) h(x) ≥ 0 for all x ∈ X(K).
(3) There is a Zariski open set U of B such that (Xn)U = XU for all n.
(4) supx∈X(K) |h(x)− hB(Xn,Ln)(x)| converges to 0 as n tends to∞.
(5) For n≫ 0, Ln is vertically nef, and (Ln)Q is ample on (Xn)Q.
(6) There are a connected open set W of U(C) (in the topology as analytic spaces) and a positive
C∞-form ω on π−1(W ) such that c1(Ln) = ω on π−1(W ) for n≫ 0.
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Let {xm} be a generic sequence in X(K) with limm→∞ h(xm) = 0. Then, over π−1(W ), we have
the following weak convergence
lim
m→∞
δ∆xm ∧ π∗(c1(H))∧d
deg(∆xm → B)
=
[
ω∧e ∧ π∗(c1(H))∧d
deg(Le)
]
as currents.
Proof. Let f be a real valued C∞-function on π−1(W ) with compact support. We need to
show that
lim
m→∞
∫
π−1(W )
fδ∆xm ∧ π∗(c1(H))∧d
deg(∆xm → B)
=
∫
π−1(W )
fω∧e ∧ π∗(c1(H))∧d
deg(Le)
.
Let F∞ be the Frobenius map given by the complex conjugation. We set W ′ = W ∪ F∞(W ).
Then, since Ln is invariant under F∞, there is a positive form ω′ on π−1(W ′) with c1(Ln) = ω′ on
π−1(W ′) for n ≫ 0. Moreover, since ∆xm , ω′ and c1(H) are compatible with the action induced
by F∞, we can see that if we set f ′ =
f + F ∗∞(f)
2
(which is invariant under F∞), then∫
π−1(W )
fδ∆xm ∧ π∗(c1(H))∧d =
∫
π−1(W ′)
f ′δ∆xm ∧ π∗(c1(H))∧d
and ∫
π−1(W )
fω∧e ∧ π∗(c1(H))d =
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d.
Thus, it is sufficient to see that
lim
m→∞
∫
π−1(W ′)
f ′δ∆xm ∧ π∗(c1(H))∧d
deg(∆xm → B)
=
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d
deg(Le)
.
First of all, there is a positive number λ0 such that for all λ with |λ| ≤ λ0, ω′ + λddc(f ′) is
semipositive on π−1(W ′). LetOn(λf ′) be the hermitian line bundle forOXn such that the length of
1 at each point is given by exp(−λf ′). Note that since the closure of {x ∈ π−1(W ′) | f ′(x) 6= 0}
is contained in π−1(W ′) ⊆ Xn(C), we may view f ′ as a C∞-function on Xn(C). Here, we set
Lλn = Ln ⊗ On(λf ′). Then, by our construction, Lλn is vertically nef and ample on (Xn)Q for
n≫ 0. Moreover,
hB
(Xn,Lλn)
(x) = hB
(Xn,Ln)(x) +
λ
deg(∆x → B)
∫
π−1(W ′)
f ′δ∆x ∧ π∗(c1(H))∧d
and
d̂eg(ĉ1(Lλn)e+1 · ĉ1(π∗(H))d)
(e + 1) deg(Le)
=
d̂eg(ĉ1(Ln)e+1 · ĉ1(π∗(H))d)
(e + 1) deg(Le)
+
λ
deg(Le)
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d +O(λ2),
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where ∆x is the closure of x in Xn, and the term O(λ2) is independent on n. Let ǫ be an arbitrary
positive number. Then, there is a positive integer n1 such that, for all n ≥ n1,
h− ǫ ≤ hB
(Xn,Ln) ≤ h+ ǫ.
On the other hand, since {xm} is generic, if n≫ 0, by Corollary 5.2, we can see
lim inf
m
hB
(Xn,Lλn)
(xm) ≥ d̂eg(ĉ1(L
λ
n)
e+1 · ĉ1(π∗(H))d)
(e+ 1) deg(Le)
≥ inf
x∈X(K)
hB
(X ,Ln)(x) +
λ
deg(Le)
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d +O(λ2),
which implies
ǫ+ λ lim inf
m
∫
π−1(W ′)
f ′δ∆xm ∧ π∗(c1(H))∧d
deg(∆xm → B)
≥ −ǫ+ λ
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d
deg(Le)
+O(λ2).
Thus,
λ lim inf
m
∫
π−1(W ′)
f ′δ∆xm ∧ π∗(c1(H))∧d
deg(∆xm → B)
≥ λ
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d
deg(Le)
+O(λ2).
Therefore, taking λ→ 0, we obtain
lim inf
m
∫
π−1(W ′)
f ′δ∆xm ∧ π∗(c1(H))∧d
deg(∆xm → B)
≥
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d
deg(Le)
.
The above inequality still holds even if we replace f ′ by −f ′. Thus,
lim sup
m
∫
π−1(W ′)
f ′δ∆xm ∧ π∗(c1(H))∧d
deg(∆xm → B)
≤
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d
deg(Le)
.
Therefore,
lim
m→∞
∫
π−1(W ′)
f ′δ∆xm ∧ π∗(c1(H))∧d
deg(∆xm → B)
=
∫
π−1(W ′)
f ′ω′∧e ∧ π∗(c1(H))∧d
deg(Le)
.
✷
7. CONSTRUCTION OF THE CANONICAL HEIGHT IN TERMS OF ARAKELOV GEOMETRY
Let K be a finitely generated field over Q with d = tr. degQ(K), B an arithmetic model of K,
and let H be a nef C∞ hermitian Q-line bundles on B. Let B = (B;H, . . . , H) be a polarization
of K given by H. We assume that d̂eg(ĉ1(H)d+1) = 0 and deg(HdQ) > 0. Let A be an abelian
variety over K of dimension g. Let us fix a projective embedding ι : A →֒ PNK , so that we
have a new embedding ι′ : A → PNK ×K PNK given by ι′(x) = (ι(x), ι([−1](x))). Then, L =
ι′∗(p∗1(O(1))⊗ p∗2(O(1))) is ample and symmetric, where pi is the projection to the i-th factor. In
this section, we would like to show the following proposition.
Proposition 7.1. There is a sequence of C∞-models (An,Ln) of (A,L) with the following prop-
erties:
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(1) There is a Zariski open set U of B such that (An)U = (A1)U for all n, and that (A1)U → U
is an abelian scheme over U .
(2) If n is sufficiently large, then Ln is ample and Ln is vertically nef.
(3) lim
n→∞
sup
x∈A(K)
|hˆBL (x)− hB(An,Ln)(x)| = 0.
(4) There are a connected open set W of U(C), and a positive C∞-form ω on (A1)W such that
W is non-singular, c1(H) is positive on W , and that c1(Ln) = ω on (A1)W for all n≫ 0.
Proof. Let A be the closure of ι′(A) in PNB ×B PNB , and L = p∗1(O(1))⊗ p∗2(O(1))|A. Then,
AK = A, L = LK is ample and symmetric, and L is π-ample, where π : A → B is the canonical
morphism. Replacing L by L ⊗ π∗(Q) for some ample line bundle Q on B, we may assume that
L is ample on A. Let U be a Zariski open set of B such that AU → U is an abelian scheme and
[−1]∗(LU) = LU over AU . Shrinking U if necessarily, we may assume that [2]∗(LU) = L⊗4U . Let
‖·‖0 be a hermitian metric of L such that c1(L, ‖·‖0) is positive onA(C). We would like to slightly
change ‖ · ‖0 on A(C). Let F∞ : A(C) → A(C) be the Frobenius map given by the complex
conjugation. Since deg(HdQ) =
∫
B(C)
c1(H)
∧d > 0 and c1(H) is semipositive, we can find a small
open set W1 of U(C) in the classical topology such that W1 is non-singular, c1(H) is positive on
W1 and W1 ∩ F∞(W1) = ∅. Here, we give a C∞-family of cubic metrics ‖·‖′cub of LW1 over W1.
Then, there is a positive C∞-function ρ on W1 with [2]∗(LW1, ‖·‖′cub) = (L⊗4W1, ρ(‖·‖′cub)⊗4). If we
set ‖·‖cub = ρ1/3‖·‖′cub, then [2]∗(LW1, ‖·‖cub) = (LW1, ‖·‖cub)⊗4. Let us choose open sets W3
and W2 with W3 ⋐ W2 ⋐ W1. We also choose a C∞ function φ on B(C) such that 0 ≤ φ ≤ 1,
φ ≡ 1 on W3 and φ ≡ 0 on B(C) \W2. Let a be a positive C∞-function on π−1(W1) given by the
equation ‖·‖cub = a‖·‖0. Here we set ‖·‖1 = aπ∗(φ)‖·‖0. Then, ‖·‖1 gives rise to a C∞-metric of
L, which coincides with ‖·‖0 on π−1(B(C) \W2). Here we claim the following.
Claim 7.1.1. For any ǫ > 0, there is a positive integer n0 such that, for all n ≥ n0,
2−2n([2]n)∗(c1(L, ‖·‖1)) + ǫπ∗(c1(H))
is positive on AW2 .
Note that the relative tangent bundle TAW2/W2 is a vector subbundle of the tangent bundle TAW2 .
Let ω and ω′ be the restriction of c1(L, ‖·‖cub) and c1(L, ‖·‖0) to TAW2/W2 . Then, ω and ω′ are
positive hermitian form on TAW2/W2 . Thus, since W2 is compact, there is a real number λ such that
0 < λ < 1 and ω′ − λω is positive on TAW2/W2 . To see our claim, clearly we may assume that
W2 = D
d = {(t1, . . . , td) ∈ Cd | |ti| < 1}.
Let µ : Cg × Dd → ADd be the universal covering of ADd such that µ is a morphism over Dd, and
µ is a homomorphism on each fiber over Dd. Let (z1, · · · , zg) be a coordinate of Cg. Then, µ∗(ω)
and µ∗(ω′) can be written by the forms∑
ij
bij(z, t)dzi ∧ dz¯j ,
where bij(z, t)’s are bounded C∞-functions. Moreover, we set
A1 = µ
∗(c1(L, ‖·‖cub))− µ∗(ω)
A2 = µ
∗(c1(L, ‖·‖0))− µ∗(ω′)
A3 = µ
∗(c1(L, ‖·‖1))− (π · µ)∗(φ)µ∗(c1(L, ‖·‖cub))− (1− (π · µ)∗(φ))µ∗(c1(L, ‖·‖0)).
30 ATSUSHI MORIWAKI
Then, it is easy to see that each Ai’s can written by the form∑
ik
cik(z, t)dzi ∧ dt¯k +
∑
lj
c′lj(z, t)dtl ∧ dz¯j +
∑
lk
c′′lk(z, t)dtl ∧ dt¯k,
where cik’s, c′lj’s and c′′lk’s are bounded C∞-functions. Here let us see that 2−2n[2n]∗(Ai) (i =
1, 2, 3) converges uniformly to 0. Indeed,
2−2n[2n]∗
(∑
ik
cik(z, t)dzi ∧ dt¯k +
∑
lj
c′lj(z, t)dtl ∧ dz¯j +
∑
lk
c′′lk(z, t)dtl ∧ dt¯k
)
=
∑
ik
2−ncik(2nz, t)dzi ∧ dt¯k +
∑
lj
2−nc′lj(2
nz, t)dtl ∧ dz¯j +
∑
lk
2−2nc′′lk(2
nz, t)dtl ∧ dt¯k
Thus, we have our assertion because cik’s, c′lj’s and c′′lk’s are bounded.
Next, we try to see that A1 = 0. For, 2−2n[2n]∗(µ∗(c1(L, ‖·‖cub))) = µ∗(c1(L, ‖·‖cub)) for all n,
which shows us that 2−2n[2n]∗(ω) = ω and 2−2n[2n]∗(A1) = A1. Hence, A1 must be zero.
Thus, if we set A = (1− (π · µ)∗(φ))A2 + A3 and
C = (1− λ)(π · µ)∗(φ)µ∗(ω) + (1− (π · µ)∗(φ))µ∗(ω′ − λω),
then
µ∗(c1(L, ‖·‖1)) = λµ∗(ω) + A+ C
and C is semipositive. Hence,
2−2n[2n]∗(µ∗(c1(L, ‖·‖1))) + ǫ(π · µ)∗(c1(H)) =
λµ∗(ω) + ǫ(π · µ)∗(c1(H)) + 2−2n[2n]∗(A) + 2−2n[2n]∗(C).
On the other hand, λµ∗(ω)+ ǫ(π ·µ)∗(c1(H)) is positive and 2−2n[2n]∗(A) converges uniformly to
0. Thus,
λµ∗(ω) + ǫ(π · µ)∗(c1(H)) + 2−2n[2n]∗(A)
is positive if n is sufficiently large. Hence we get our claim.
To get an invariant metric ‖·‖ under F∞, over F∞(W1), we replace ‖·‖0 by F ∗∞(‖·‖1). In this
way, we have a hermitian line bundle L = (L, ‖·‖) with the following properties:
(a) c1(L) is positive overA(C) \ π−1(W2 ∪ F∞(W2)).
(b) For any ǫ > 0, there is a positive number n0 such that, for all n ≥ n0,
2−2n([2]n)∗(c1(L)) + ǫπ∗c1(H)
is positive on π−1(W2 ∪ F∞(W2)).
(c) 2−2n([2]n)∗c1(L) = c1(L) on W for all n, where W = W3.
Let fn : An → A be the normalization of
AU [2]
n
−→ AU →֒ A.
Then, by projection formula,
hB
(An,f∗n(L))(x) = h
B
(A,L)(2
nx)
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for all x ∈ A(K). Thus, if we set L′n = 2−2nf ∗n(L), then,
hB
(An,L′n)
(x) = 2−2nhB
(A,L)(2
nx).
Therefore,
lim
n→∞
sup
x∈A(K)
|hˆBL (x)− hB(An,L′n)(x)| = 0.
Moreover,
hB
(An,L′n+ǫπ∗n(H))
= hB
(An,L′n)
for any positive rational number ǫ, where πn : An → B is the canonical morphism. Thus, if we set
Ln = L′n + π∗n(H), then a sequence of models (An,Ln) satisfies our desired properties. ✷
8. BOGOMOLOV’S CONJECTURE OVER FINITELY GENERATED FIELDS
Let K be a finitely generated field over Q with d = tr. degQ(K), and B = (B;H1, . . . , Hd) a
polarization of K. Let A be an abelian variety over K. In this section, we would like to prove the
following theorem, which is a generalization of results due to Ullmo [13] and Zhang [15].
Theorem 8.1. Let X be a subvariety of AK , and L a symmetric ample line bundle on A. We
assume that B is big, i.e., H i’s are nef and big. If the set
{x ∈ X(K) | hˆBL (x) ≤ ǫ}
is Zariski dense in X for any ǫ > 0, then X is a translation of an abelian subvariety of AK by a
torsion point.
Proof. First of all, note that in order to prove our theorem, we can replace the field K by a
finite extension of K if it is necessary.
We set
G(X) = {a ∈ A(K) | a +X = X}.
First, let us consider the case where G(X) is trivial. In this case, we need to show that there is a
torsion point x of A with X = {x}. For this purpose, it is sufficient to show that dimX = 0. For,
if we set X = {x}, then hˆBL (x) = 0. Thus, x is a torsion point by Proposition 3.4.1.
From now on, we assume that dimX ≥ 1. Changing K by a finite extension of K, if nec-
essarily, by Proposition 3.1.1, we may assume that there is a C∞-hermitian line bundle H0 with
d̂eg(ĉ1(H0)
d+1) = 0 and deg((H0)dQ) > 0. Let B0 = (B;H0, . . . , H0) be a polarization of
K given by H0. Then, by virtue of (3) of Proposition 3.4.2, there is a positive constant a with
hˆB0L ≤ ahˆBL . Thus, the set
{x ∈ X(K) | hˆB0L (x) ≤ ǫ}
is Zariski dense for any ǫ > 0. Therefore, we will try to find a contradiction using hypotheses:
(a) G(X) = {0}.
(b) dimX ≥ 1.
(c) The set {x ∈ X(K) | hˆB0L (x) ≤ ǫ} is Zariski dense for any ǫ > 0.
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Here we consider a morphism
φm : A
m
K
→ Am−1
K
given by φm(x1, . . . , xm) = (x1 − x2, x2 − x3, . . . , xm−1 − xm). Then, since G(X) = {0}, in
the same way as the proof of [15, Lemma 3.1], we can see that if m is sufficiently large, then φm
induces a birational morphism Xm → φm(Xm). Considering a finite extension of K, we may
assume that X is defined over K, and that φm induces a birational morphism Xm → φm(Xm)
over K. Here, if it is necessary, we change B0 by the polarization induced by the extension of K
accordingly.
We note that the above hypothesis (c) does not depend on the choice of the ample and symmetric
line bundle L by virtue of (2) of Proposition 3.4.2. Hence, by Proposition 7.1, there is a sequence
of C∞-models (An,Ln) of (A,L) with the following properties.
(1) There is a Zariski open set U of B such that (An)U = (A1)U for all n, and that (A1)U → U
is an abelian scheme over U .
(2) If n is sufficiently large, then Ln is ample and Ln is vertically nef.
(3) lim
n→∞
sup
x∈A(K)
|hˆB0L (x)− hB0(An,Ln)(x)| = 0.
(4) There are a connected open set W of U(C), and a positive C∞-form ω on (A1)W such that
W is non-singular, c1(H0) is positive on W , and that c1(Ln) = ω on (A1)W for all n≫ 0.
For simplicity, we denote A1 by A. Let Am (resp. Amn ) be the main component of
A×B · · · ×B A︸ ︷︷ ︸
m-times
resp. An ×B · · · ×B An︸ ︷︷ ︸
m-times
 .
Let πm : Am → B and πmn : Amn → B be the canonical projections. Let Xm (resp. Xmn ) be the
closure of Xm in Am (resp. Amn ). Further, let Ym (resp. Ymn ) be the closure of φm(Xm) in Am−1
(resp Am−1n ). We set
Pm = p∗1(L)⊗ · · · ⊗ p∗m(L) and Pmn = p∗1(Ln)⊗ · · · ⊗ p∗m(Ln),
where pi is the projection to the i-th factor. Note that φm extends to AmU → Am−1U . By abuse of
notation, we denote this extension by φm. Then, φm induces a birational morphism XmU → YmU .
Let V and V ′ be Zariski open sets of XmU and YmU respectively such that φm gives rise to an
isomorphism V ∼−→ V ′.
Since X has only countably many subvarieties over K, let {Yt}∞t=1 be the set of all proper
subvarieties of X . By the hypothesis (c), we can find xt ∈ X(K) such that xt 6∈
⋃t
i=1 Yi and
hˆB0L (xt) ≤ 1/t. Then, we have a generic sequence {xt} of X(K) with limt→∞ hˆ
B0
L (xt) = 0. Let
us fix a bijection τ : N → Nm. We denote (xτ1(t), . . . , xτm(t)) ∈ Xm by xτ(t), where τ(t) =
(τ1(t), . . . , τm(t)). Since {xτ(t)} is Zariski dense in Xm, in the same way as before, we can
find a generic subsequence of {xτ(t)}. Thus, we may assume that {xτ(t)} is a generic sequence.
Moreover, considering a subsequence of {xt}, we may further assume that xτ(t) ∈ VK . Further,
we can see that limt→∞ hˆB0Pm(xτ(t)) = 0 and hˆ
B0
Pm−1(φm(xτ(t))) = 0, where P
m = PmK and Pm−1 =
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Pm−1K . Thus, using the equidistribution theorem (cf. Theorem 6.1), over (πm)−1(W ) ∩ Xm,
lim
t→∞
δ∆xτ(t) ∧ (πm)∗(c1(H0)∧d)
deg(∆xτ(t) → W )
=
[
(p∗1(ω) + · · ·+ p∗m(ω))∧em ∧ (πm)∗(c1(H0)∧d)
deg
((
PmK |Xm
)em)
]
,
where e = dimX . Moreover, if we denote α by the restriction of p∗1(ω) + · · · + p∗m−1(ω) to
(πm−1)−1(W ) ∩ Ym, then
lim
t→∞
δ∆φm(xτ(t)) ∧ (πm−1)∗(c1(H0))∧d
deg(∆φm(xτ(t)) →W )
=
[
α∧em ∧ (πm−1)∗(c1(H0)∧d)
deg
((
Pm−1K
∣∣
Ym
)em)
]
,
where Y m = YmK . Note that on V ∩ (πm)−1(W ),
δ∆xτ(t) ∧ (πm)∗(c1(H0)∧d)
deg(∆xτ(t) →W )
and
δ∆φm(xτ(t)) ∧ (πm−1)∗(c1(H0))∧d
deg(∆φm(xτ(t)) →W )
give rise to the same current via the isomorphism φm : V
∼−→ V ′. Thus two limit C∞-forms
(p∗1(ω) + · · ·+ p∗m(ω))∧em ∧ (πm)∗(c1(H0)∧d)
deg
((
PmK |Xm
)em) and φ∗m
(
α∧em ∧ (πm−1)∗(c1(H0)∧d)
deg
((
Pm−1K
∣∣
Ym
)em)
)
are same forms on V ∩ (πm)−1(W ). Hence we have
(p∗1(ω) + · · ·+ p∗m(ω))∧em ∧ (πm)∗(c1(H0)∧d) = c(φ∗m(α∧em)) ∧ (πm)∗(c1(H0)∧d)
over (πm)−1(W ) ∩ Xm for some positive constant c. Let X be the closure of X in A. We choose
a general point w of W . Then, we can easily see that
(p∗1(ω) + · · ·+ p∗m(ω))∧em|(Xw)m = c(φ∗m(α∧em))|(Xw)m
because c1(H0) is positive on W , where Xw is the fiber of X → B over w. This is a contradiction
because the left hand side is positive, but the right hand side is not positive along the diagonal of
(Xw)m.
Next let us consider a general case. Let µ : AK → A′ = AK/G(X) be the quotient of AK by
G(X). We set X ′ = µ(X). Then, it is easy to see that µ−1(X ′) = X and G(X ′) = {0}. Let L′ be
a symmetric and ample line bundle on A′. Let K ′ be a finite extension field of K such that µ, A′,
and L′ are defined over K ′. Let B′ be the polarization of K ′ induced by B. Since L is ample, by
Proposition 3.3.1 and (2) of Proposition 3.4.2, there is a positive number a such that hˆB′µ∗(L′) ≤ ahˆBL .
Thus,
{x ∈ X(K) | hˆBL (x) ≤ ǫ/a} ⊆ {x ∈ X(K) | hˆB
′
µ∗(L′)(x) ≤ ǫ}
= µ−1
(
{x′ ∈ X ′(K) | hˆB′L′ (x′) ≤ ǫ}
)
.
Therefore, the set {x′ ∈ X ′(K) | hˆB′L′ (x′) ≤ ǫ} is Zariski dense in X ′ for any ǫ > 0. Thus, by the
previous observation, X ′ = {x′} for some torsion point x′ of A′. Hence, X is a coset of G(X)
because µ−1(X ′) = X . In particular, G(X) is an abelian subvariety. Thus, it is sufficient to show
that there is a torsion point x of A with µ(x) = x′. First, pick up x1 of A with µ(x1) = x′. Since x′
is a torsion point, there is a positive number n with nx1 ∈ G(X). Here G(X) is a divisible group.
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Thus, we can find x2 ∈ G(X) with nx1 = nx2. Hence, if we set x = x1 − x2, then we have a
desired torsion point. ✷
As corollary, we can recover the following Raynaud’s result ([8] and [9]).
Corollary 8.2. Let A be an abelian variety over an algebraically closed field F of characteristic
zero, and Z a reduced subscheme of A. Then, every irreducible component of the Zariski closure of
Z(F )∩A(F )tor in A is a translation of an abelian subvariety ofA by a torsion point. Consequently,
there are finitely many abelian subvarietiesB1, . . . , Bn of A and torsion points b1, . . . , bn of A(F )
such that
Z(F ) ∩ A(F )tor =
n⋃
i=1
(Bi(F ) + bi) and Z(F ) ∩ A(F )tor =
n⋃
i=1
(Bi(F )tor + bi).
Proof. LetX be an irreducible component of the Zariski closure ofZ(F )∩A(F )tor in A. Then,
it is easy to see that X(F )∩A(F )tor is Zariski dense in X . Let K be a subfield of F such that K is
a finitely generated field overQ, and that A and X are defined over K. Then, A(F )tor = A(K)tor.
Thus, we can see that X(K) ∩ A(K)tor is Zariski dense in X(K). Therefore, by Theorem 8.1, X
is a translation of an abelian subvariety of A by a torsion point. ✷
Remark 8.3. We assume that tr. degQ(K) = 1. Then, as in the introduction, we have two types
of heights hˆgeomL and hˆarithL . Then, by virtue of (3) of Proposition 3.4.2, there is a positive constant
a with hˆgeomL ≤ ahˆarithL . This means that Bogomolov’s conjecture for the geometric height hˆgeomL
is a subtle problem. Actually, if the trace of A is not zero, the conjecture does not holds in general.
(For example, take X as a non-torsion point P with hˆgeomL (P ) = 0.) However, we can expect
the conjecture for hˆgeomL if either the trace of A is zero, or X is a non-isotrivial curve and A is
its jacobian. For example, in [7], the author gives an affirmative answer under the assumption of
singular fibers on the stable model of X .
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